We show how to construct a topological quantum field theory which corresponds to a given moduli space. We apply this method to the case of flat gauge connections defined over a Riemann surface and discuss its relations with the Chern-Simons theory and conformal field theory. The case of the SO(2,l) group is separately discussed. A topological field theory is linked to the moduli space of "self-dual" connections over Riemann surfaces. Another relation between the Chern-Simons theory and topological quantum field theory in three dimensions is established. We present the theory which corresponds to three dimensional gravity. Expressions for the Casson invariants are given. Possible generalizations are briefly discussed.
Introduction --f,
Generally covariant field theories have observables which are metric independent. Hence they are global invariants. Recently, a new class of such theories, the so called topological quantum field theories (TQFT), were introduced by E.Witten.
Originally they were affiliated with Yang-Mills instantons (TYM),"' sigma models (TSM)[" , and gravity (TG)13' . Later on they enveloped other domains of physical systems . The main question is obviously whether the TQFT's probe some physical phenomena or are they merely mathematical tools to study topological properties of certain bundles? The answer to this question is two-fold: (i) The observables of the TQFT span the cohomology ring on certain moduli spaces. These moduli spaces may be intimately related to physics. An example familiar to string theorists is the moduli space of Riemann surfaces. Another example is the mod----&space of instantons.
(ii) The possibility that the TQFT's describe a generally covariant phase which eventually undergoes a spontaneous symmetry breakdown whereby ordinary gravity emerges [1' 71. This scenario must presumably be related to some new mechanism of symmetry breaking since it involves a passage from a system with finitely many degrees of freedom to one with infinitely many. Other conjectures like possible connections to strings above the Hagedorn temperature [al 7 to the scattering of strings at large angles and very large energies[" and to higher dimensional extended objects[", were also proposed. In this work we follow the first direction.
The main feature of the TQFT's is the "topological symmetry" which is the largest local symmetry possible for the fields that describe the system. This symmetry is responsible for gauging away any dependence on local properties. The classical action does not play any role and can be taken to be zero or a topological number. The quantum Lagrangian is derived via BRST gauge fixing of the topological symmetry and related "ghost symmetries"[111 ["I . The observables of the theory, which are expectation values mainly of the ghost fields, can be expressed as an integral of closed forms on some moduli space. Can one write down a TQFTwhich corresponds to any given moduli space ? In this paper we present a general prescription for the building of such a TQFT.
An older member in the family of generally covariant field theories is the ChernSimons (CS) t ac ion in three dimensions. Just as for the TQFT, here too the general covariance is not achieved by functionally integrating over all possible metrics, but by an inherent metric independence. The CS theory entered recently a renaissance period due to a sequence of works by E. Witten. In those works links were derived between the CS theory, knot theory and the Jones polynomials1131 , the theory of rational conformal field theories in two dimensions and the theory of Einstein gravity in three dimensions 1141[151[61( for the CS of ISO(2,l) group). It was shown"31that the moduli space of flat gauge connections (MSFC) in two dimension is the phase space of the three dimensional CS theory and is related to the space of "conforma1 blocks" of the corresponding conformal field theory. This naturally invites the ----_ -_~ -~ : --construction of a TQFT for the MSFC. Applying the general procedure mentioned above to this particular moduli space, is a main topic of the present work. A BRST quantization of the CS action in the large k limit, does not lead to the MSFC but to a modified moduli space which involves the Yang-Mills ghosts['"' [15' . It turns out that the same moduli space emerges in the TQFT of flat connections in three dimensions. In a special situation of this model, the partition function is a field theoretical description of the Casson invariantsn5'. When the group is taken to be an lGt group, the TQFT is identical to the super-IG CS theory for this group.
Moore and Seiberg"" conjectured that all chiral algebras of rational conforma1 field theories arise from the quantization of CS theories for some compact gauge groups, namely, the quantization of the associated MSFC. Can one describe other two dimensional field theories in terms of certain moduli spaces of gauge connections? One obvious generalization is to the non-compact groups. Another possibility is to describe moduli spaces of some connections which in some limits turn into flat connections. This may correspond to integrable two dimensional sys-+ For the definition of the IG group see section 5 -terns which are conformally invariant at their critical points. An example of such -f a scenario is worked out in the case of the moduli space of "self dual" connections (MSSDC). .L.
A simple discussion of the relevance of moduli spaces to physical systems is presented in section 2. We then show how to derive a TQFT with observables which correspond to a given moduli space. The TQFT is constructed via a gauge fixing of a local "topological symmetry" and a related "ghost symmetry". These ideas are demonstrated with some examples. Some general properties which are shared by most TQFT's are then summarized. Section 3 is devoted to a review of the relations between the three dimensional CS theory, the Moduli space of flat connections and conformal field theories. The equivalence of the ISO(2,l) CS theory and three dimensional gravity is also discussed. In section 4, we apply the procedure of section 2 and write down a TQFT which corresponds to the ---TCiZSFC in two dimensions. The BRST algebra, and non-trivial global invariants are presented. We comment on the issue of the relation between the S0(2,1)
TQFT and the moduli space of Riemann surfaces. Finally, the generalization to the case of MSSDC is discussed.' In section 5, we add one more dimension and discuss the differences between the TQFT's in two and three dimensions. The field theory formulation of the Casson invariants is written down. Using the group ISO(2,l) we get the TQFT which is associated with three dimensional gravity.
The super-IG CS action for the group IG, is shown to be identical to the TQFT of the group IG. A generalization to higher space-time dimensions and to higher forms is briefly discussed at the end of that section. We summarize, make some concluding remarks and discuss some open questions in section 6 . Flat connections are the topic of the appendix where we present a short summary of the geometrical properties of the orbit space, write down a parametrization of flat connections and describe the MSFC as well as the MSSDC. Theories and Moduli Spaces  -i   TQFT's such as the TYM"',  TSM"', TG and others are all characterized by  -- some observables-global invariants-which are related to the cohomology ring on certain moduli spaces. A natural question is whether for any given moduli space one can construct a corresponding TQFT. H ere, we show how to construct TQFT's which correspond to some given moduli spaces.
The connection between moduli spaces and physical systems can be described simply in the following way. Assume that a physical system is defined by a set of fields @'; on a d dimensional space-time manifold M, and a certain local symmetry G under which the fields @'; transform in some representation of the group G .
Mathematically, a certain bundle is defined over M. Very often we are interested -not in the whole space of possible a'; configurations but in a particular subset which ._ -can be characterized by on S@i, then the obstructions are given by the cokernel of this operator. Therefore, the dimension of the moduli space is the number of solutions minus the number of obstructions which is :
We demonstrate the statements made above in that leave @p; and 9; inert and transform q'; and B in the same way as @'; and s ---transform under G, leave (2.5) invariant. In general, one can replace 2(l) by 2(l)' = Q(F(@i)+d3) h w ere cy is an arbitrary parameter. For cy # 0 the "ghost symmetry" mentioned above is not a symmetry. However, by adopting the "ghost symmetry" transformation, for the variation of B in Z(l)' the resulting f?')' is invariant again _ -under a "ghost symmetry "["I _~ --. We thus use here the cx = 0 gauge. In the appendix, we briefly state the inability to gauge fix a Yang-Mills symmetry in a global way (in the space of connections). This phenomena, known as the Gribov ambiguity, shows up also in the gauge fixing of the topological symmetry. Therefore, we can choose a gauge slice only locally around a given ip;. ' The implications of this ambiguity will be addressed elsewhere Dl .
To fix the "ghost symmetry" we introduce a commuting "ghost for ghosts" field 4 and a its anti-ghost 4. The BRST gauge fixing Lagrangian now has the following form: (i)There are no ghost symmetries in the second example because we took a = -1, and in the last example because the diffeomorphism symmetry is fixed in 2(l).
(ii) In the examples given in the tables above there is no further local symmetry in addition to the original G symmetry, but there are some cases where there still are further stages of ghost symmetry. Such a case will be considered in section 5.
(iii) In some works the gauge fixing of the original topological symmetry, the ghost symmetry and the local G symmetry is performed simultaneouslyL10'11'181 .
Using several stages of gauge fixing better describes the construction of the space of ghost configurations which is identical to the desired moduli space.
-(iv) One can in general add some interaction terms to the action. Those terms -c will obviously modify the equation of motion for q'10-121. However, as explained below, due to an independence on a "coupling constant", the equation of above -1 are still valid.
The BRST algebra that we have at the present stage is not nilpotent but rather it is closed up to a G transformation, &, with the ghost for ghost C# as the parameter of transformation. For example i2@i = $G@i. The correspondence between the TQFT and the related moduli spaces includes the obstruction as well.
Recall that the dimension of the moduli space is equal to the index of the operator defined in (2.2) and (2.3). In the TQFT the kernel corresponds to the q zero modes. The cokernel is given by the zero modes of G and 84. Thus the number of obstructions is given by the number of the latter zero modes. The difference between the number of qi zero modes and the number of (%, ~$6) zero modes, is the index of an operator of the TQFT which is equivalent to 0.
The TQFT h' h w ic we described above has some general properties which are shared by most of the TQFTs: where DX is the measure, 0 is an operator which is a BRST scalar and is independent on the metric. We used here the fact that a vev of any BRST transformation is zero. Note that, even though the original action is metric independent, a metric on M was introduced in defining scalar products in the gauge fixing, so that the result (2.7) is not a trivial one.
The meaning of correlation function here is an expectation of the product of the operators since it is independent on the points on A4 where the operators are put"' -(2) So far we considered only configuration which minimize the action. In particular @p and XPi configurations which are solutions to eqn.(2.2-2.3). This is justified only if the path integral is dominated by those configurations. As for <PO, this is obvious since this was the gauge fixing we used. As for the rest of the fields we can modify the BRST transformations i + i' = ~8 such that the ,C -+ K,C. In the same way we showed the independence on the variation of g,p it
is straightforward to see that correlation functions are also K independent. Now in the large K limit it is obvious that the path integral is dominated by the minima of the action. Notice that both (1) and (2) are related to the fact that the action is a BRST variation of some operator since the original action is irrelevant. This property, obviously, is not shared by ordinary gauge fixed actions. The "Gauss law" constraint is F = t@PF,p = 0. Witten advocates in [13] to first impose the constraint and then quantize the system! Therefore,
The phase space of the CS theory in the A0 = 0 is the moduli space of flat connections on C. The role of the flat connections on C is apparent also if instead of first gauge fixing, we first integrate in the path integral over Ao:
The delta function implies the projection onto flat connections on C.
Instead of gauge fixing in the Weyl gauge we can again use a covariant gauge and apply the BRST procedure of the last section:
We decompose the gauge field to a classical and quantum parts A = AC' + Aq.
The gauge fields in (3.5) are Aq apart from the covariant derivative which is taken with respect to the classical background. c, c and B, are the Yang-Mills ghost,
anti-ghost and auxiliary fields respectively The covariant derivative is also with respect to the metric that was introduced in the scalar products in (3.5). The
Euler Lagrange equations of the combined system (3.1) and (3.5) are now not of The gauge fixing that led to (3.5) can be done only locally (see appendix)
around a given flat connection which we denote by A:). The contribution to the path integral from the region in A space around the flat connection+(A was calculated by A. Schwarz Iz3' , for the abelian case. Following the later, Witten[13'derived ,u(A(")) f f or non-abelian CS theories in the large k limit:
where n is the Laplacian, C2 is the second casimir operator of G in the adjoint in this case the partition function of the CS theory in the large k limit is given by 2 = Cci)p(Ay)). F or a non-trivial first cohomology the sum has to be replaced by an integral over moduli space.* The observables of the CS theory are the Wilson SA lines, we = PTrR e 7 , where R is the representation of the group, y is a t In fact the expression in (3.7) has to b e multiplied by an additional phase factor which is not metric independent 'W . The quantum Hilbert space of the three dimensional CS theory is identical to the space of conformal blocks in rational CFT.
For the case that A4 has a boundary, Moore and Seiberg Il4 t derived an explicit . expression for the partition function which was identical to the one of a two dimen-----sional WZW theory with the sigma term on dM. In particular, for C taken to be a disk, they showed that the basic representations of the loop group emerge. For the case of an annulus, due to the holonomy, the other integrable representations may be derived.
TQFT Construction of MSFC in Two Dimensions
: --After the long detour, we present now the TQFT which correspond to the moduli space of flat connections of a given non-abelian* group G over a Riemann surface C. The construction of the theory follows the lines described in section 2.
Starting with the gauge fields A of the group G which are connections on the principle bundle P ( see appendix) we invoke now the "topological symmetry"
&A(x) = 19(x). S ince we have in mind to project onto flat gauge configurations which are not characterized by a topological number which is expressible as a two t Upon completion of this work we received ref.lzJ1 where the connections between the CS theory and the conformal field theory are further elaborated. * The abelian case was presented in ref. [17] . where the underlaying space-time is a genus g Riemann surface. This obviously matches the dimension given in (A.5). In th e case that the Riemann surface g > 0 is punctured in n points then instead of 2g we have 2g + n in eqn. (4.7).
Let us now proceed and discuss the observables of the theory. As was explained in section 2, the invariants are metric independent and hence topological. Terms which depend on F were obviously ommited. Thus the only forms are those of degree 2 up to 2r on df/G , whereas the dimension of df/G is (2g -2)dimG.
Notice that whereas IV0 and IV2 are in a non-trivial cohomology class Wr is locally In [17] we showed that < nd'mG(g-ll SC Tr(ll, A $J) ># 0 and that it is independent on the conplex structure on C. This issue of field theoretical calculation of the observables of the TQFT in general and in particular for those related to the MSFC and the MSSDC is under current investigation"".
. In conformal field theories for which there is a current algebra, most of the interesting results are related to the level, Ic, of the associated Kac-Moody algebra.
--Xiihe picture of the MSFC the level correspond to the symplectic structure on M The first equation in (4.12) states that e,, is covariantly conserved and the second, when translated to metric notation, means that the curvature scalar R = -1. Thiscondition of a constant negative curvature metric is characteristic of a Riemann -c surface with g 2 2. We therefore concluded that the MSFC for the SO(2,l) group is equivalent to the moduli space of reimann surfaces with g 2 2. Similarly, the --MSFC of ISO( 1,l) and SO( 1,2) correspond to the torus and the sphere respectively.
Inserting dimG = 3 in eqn (4.7) one obtains dim df/B = 6g -6 which is known to be the dimension of the moduli space of Riemann surfaces. The question is, however, whether the MSFC corresponds to the moduli space or the Teichmuler space.
The Teichmuller space M, and the moduli space M, are related in the following way: M, = $j$ h w ere rs is the mapping class group. The latter is the group of diffeomorphisms modulo diffeomorphisms which are connected to the identity.
In the SO(2,l) MSFC the equivalence classes are defined modulo SO(2,l) gauge transformations which include the transformations C + G that are not contin-.
iously connected to the identity. Thus the question is whether the transformations --CYa, wcx defined over a genus g C under the later transformation, correspond to transformations of the metric under the maping class group. The answer is negative. On the other hand it is known that M, is topologically trivial. In [17] (WI some non-trivial cohomologies were identified. In particular IV, , which leads to 
TQFT of Flat Connections in Three and Higher Dimensions --f
The field theoretical description of the MSFC in three and higher dimensions admits some new features in comparison to the two dimensional case. In particular new "ghost symmetries" emerge. We address these features in this section as well as the relation to other generally covariant theories.
The basic field here again is a connection A on a principle bundle whose base space is now a three dimensional manifold. We assume invariance under a "topo- In the case where there are no ghost zero modes and hence the moduli space has a zero dimensionality, then the partition function is a topological invariant. As explained in section 2, the contribution to the partition function is given in such a . case by the ratio of the fermionic over the bosinic determinants This ratio is equal --til. Thus the partition function is 2 = Cj(-1)'~ where Sj is the sign of the ratio at any isolated "flat" connection. As was discussed in ref. [15] this global invariant correspond to the Casson invariant in the mathematical literature. The TQFT which is related to the three dimensional gravity is obviously the -c one with G = ISO(2,l) for th e case of zero cosmological constant and SO(3,l) and SO(2,2) for the cases of de-Sitter and anti de-Sitter spaces respectively. To get -.
the TQFT which correspond to the Poincare symmetry, we just have to substitute 
Summary and Conclusions
The main message of this work is that it is straightforward to attach to any moduli space its TQFT partner. 
GEOMETRICAL PROPERTIES OF THE ORBIT SPACE ----
Consider a gauge theory' defined over a compact, boundryless space-time M.
The gauge group is a compact Lie group G, with the lie algebra g. The gauge fields A are connections on a principal bundle P(M,G). One can construct two additional bundles: P' = P XAd g which is a vector bundle a fiber g with the adjoint action of G on g, and P" = P x,d G where the group is the bundle with the adjoint action. We denote by wp forms of degree p on M which take their values in P' . We define the scalar product in wp using the Hodge * operator ref. [34] .
